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A class of stochastic differential equations with 
super-linear growth and non-Lipschitz coefficients* 

Khaled BAHLALit, Antoine HAKASSOU^ and Youssef OUKNINE§ 


Abstract 

The purpose of this paper is to study some properties of solutions to one dimen¬ 
sional as well as multidimensional stochastic differential equations (SDEs in short) with 
super-linear growth conditions on the coefficients. Taking inspiration from mum , we 
introduce a new local condition which ensures the pathwise uniqueness, as well as the 
non-contact property. We moreover show that the solution produces a stochastic flow of 
continuous maps and satishes a large deviations principle of Freidlin-Wentzell type. Our 
conditions on the coefficients go beyond the existing ones in the literature. For instance, 
the coefficients are not assumed uniformly continuous and therefore can not satisfy the 
classical Osgood condition. The drift coefficient could not be locally monotone and the 
diffusion is neither locally Lipschitz nor uniformly elliptic. Our conditions on the coeffi¬ 
cients are, in some sense, near the best possible. Our results are sharp and mainly based 
on Gronwall lemma and the localization of the time parameter in concatenated intervals. 

Keywords: Stochastic flows. Large deviations, Non-Lipschitz coefficients, Pathwise 
uniqueness. Non-confluence, Euler scheme, Gronwall lemma. 
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1 Introduction and motivations 

This work was initially motivated by the study of stochastic flows of homeomorphisms and 
large deviations of the following simple example of one dimensional stochastic differential 
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equations with super-linear growth coefficients: 


Xt = x+ [ Xslog\Xs\ds+ [ Xs^\log\Xs\\dWs (1.1) 

Jo Jo 

where x G M and {Wt)t>o is an M-valued standard Brownian motion. 

Our motivation for SDE comes from the fact that the stochastic flows of homeo- 
morphisms defined by these type of SDEs may be related to the construction of Canonical 
diffusions above the diffeomorphism group of the circle and also the construction of a 
metric in the Holder-Sobolev space see Malliavin |28| . Note also that the loga¬ 
rithmic nonlinearities xydog|x| and xlog|x| are interesting in their own since they are 
neither locally monotone nor uniformly continuous. They are, in some sense, near the 
best possible. Indeed, 

1) An exponential transformation formally shows that the SDE with diffusion coeffi¬ 
cient xylog|x| is equivalent to the SDE with diffusion coefficient |x |2 which is the best 
possible for pathwise uniqueness according to Yamada & Watanabe |41| . 

2) The growth conditions xlog|x| on the drift coefficient constitute a critical case 
in the sense that, for any e > 0, the solutions of the ordinary differential equation 
Xt = X + /q Xj^^ds explode at a finite time. 

Note finally that the nonlinearity u log |ri| also appear in some PDEs arising in physics, 
seee.g. P [TOl El [30] . 

We now begin with our subject. Let a : —>■ x and 6 : —)• be respec¬ 
tively matrix-valued and vector-valued continuous functions and consider the following 
forward ltd SDE: ^ 

b{Xs)ds+ [ a{Xs)dWs (1.2) 

Jo 

where x G R*^ is fixed and {Wt)t>o is an R™'-valued standard Brownian motion defined 
on a complete filtered probability space (D, (J^t),P) with (Xt) a right continuous in¬ 

creasing family of sub-u-fields of X each containing P-null sets. 

According to Skorohod result [35] . SDE (|1.2I1 admits a weak (in law) solution up to 
an explosion time (see also Ikeda & Watanabe |21) . Karatzas & Shreve |23| . Revuz & Yor 
|34| ■ Stroock Varadhan |37|). Thanks to the celebrated result of Yamada X Watanabe 
m, we know that if a weak solution is pathwise unique, it is then a strong solution, 
that is adapted to the Brownian filtration. Having a unique strong solution, it becomes 
possible to study some other properties such as the dependence to the initial data and 
the large deviations of Freidlin-Wentzell’s type. So the study of pathwise uniqueness is 
greatly interesting. 

Under Lipschitz conditions, it is classical that the pathwise uniqueness holds, see for 
instance ltd |22| . Yamada & Watanabe m, and the non-contact property (also known 
as non-confluence property) of the solutions holds, see Emery |14| . Kunita |25| . Meyer 
|29| . Yamada & Ogura [40] . Moreover, the solution depends bicontinuously on (t,x), 
see Kunita [25], and satisfies a large deviations principle of Freidlin-Wentzell type, see 
Freidlin & Wentzell |18| . Azencott [2], Dembo X Zeitouni |12| . Deuschel & Stroock |13| . 
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In the last 15 years, the study of SDEs with few regularities on the coefficients has a 
renewed interest, see for instance [IliaEllISlIITllSlEiEZlIsaiMllMlIMlIlS]. 

The purpose of this paper is to study multidimensional SDEs with logarithmic non¬ 
linearity growth and our guiding example is the one-dimensional SDE 
Let I • I denote the Euclidean distance in ||cr|p = 
integer N > e we put B(A^) := {x € R'^; |a:| < A^}. We now introduce our main 
assumption which is inspired from the papers mum and which cover our motivating 
SDE (fLTI) . 


there exist C > 0 and /i > 0 such that for every x, y G M{N), 

< ||cj(x) — a{y)\\ < C^yiogN\x — y\ + C{logN)/N>^ (HI) 

\b{x) — 6(?/)| < Clog A^|x — y| -I- C(log A^)/iV^ 

We first establish that assumption (HI) ensures the existence of a pathwise unique 
solution for SDE (11.21) . Then we prove that, under this assumption, the solution has the 
non-contact property. Moreover, this solution depends continuously in its two variables 
{t, x) and satisfies a large deviations principle of Freidlin-Wentzell type. In some sense, 
assumption (HI) is near the best possible. Moreover, our methods of proving the path- 
wise uniqueness, the non-contact property, the bicontinuity and the large deviations are 
simples. Also, they work in any finite dimension and improve those of HmniEelET]. 

The rest of the paper is organized as follows, fn section 2, we prove the pathwise 
uniqueness, a one-dimensional comparison theorem, the non-contact property and the 
bicontinuity of the solution of SDE (II.2p . In section 3, dealing with Euler scheme, we 
establish that the solution satisfies a large deviations principle of Freidlin-Wentzell type. 
Finally, as a by-product of our results, we study in section 4 our guide-motivating SDE 
(HH). In the end of section 4, we show that our guidance SDE (|l.ll) is not covered by 
the paper |161 ITT] . We also show that our paper cover the papers HaESlEZ]. 

Remark 1.1. Throughout the paper, the universal constants appearing in the inequali¬ 
ties are denoted by C and allowed to change from place to place. Moreover, all processes 
considered in the sequel, if it is not precised, will be assumed to be defined on the 
complete filtered probability space (D, T", (J-)),P). 

2 Stochastic flows of continuous maps 

The main purpose of this section is to prove that under hypothesis (IHII) . the SDE (|1.2p 
has a unique strong solution which produces a stochastic flows of continuous maps, fn 
this goal, we shall establish the pathwise uniqueness, the non-contact property and the 
bicontinuous dependence of the solution to the initial values. 

2.1 Pathwise uniqueness 

We give as follows the capital result of this section. 
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Theorem 2.1. Assume that hypothesis (El]) holds and let and {Yt{uj)) be two 

solutions (of continuous samples) without explosion of the SDE (II. 2D such that Xq{uj) = 
Yq{co) = X almost surely. Then, for any T > 0 we have almost surely Xt(uj) = Yt(uj) for 
all 0 < t < T. 


Proof. Let {Xt{u})) and (Yt{uj)) be two solutions (of continuous samples) of the SDE f|1.2p 
with the same initial datum x G 

For N G N*, we define the stopping time := inf{t > 0; \Xt\ > N or \Yt\ > A^}. 
Since the solutions of SDE are assumed to be conservative, then tends to +oo 
as N tends to +oo. 

Using Ito’s formula, we get 


Jo 

haCn 

+2 / - Ysac^), msAcJ - KYs^CnWs 

Jo 

f-tAC.N 

+ / Ik(^sACAr) “'^((^sACjv)II ds. 
Jo 


Thanks to the Burkholder inequality, we get for any T > 0 


Esup \XtACN - ^tAcJ < 2E / \b{XsACj.f) - 6(T^ACiv)lI-’^ saCjv “ YsaCmI^s 
t<T Jo 

/ j-T n1/2 

+2CiEn ||ct(X,ac^) - a(y,AC^)|| VsAC^ - j 


+E / llo-(X^ACiv) - ^C^sACiv)ll ds. 

Jo 


This implies that 


fT 

EsUp|XtA(^^ — LtACjvP < 2E / |6(XsACAr) ~ ^((^sACjv)ll^sACAr ~ ^^sACivI'^'® 
t<T Jo 

fT 

+(l + 2Cf)E / ||a(X,AC^)-a(y,AC^)||2ds 

Jo 

+ -Esup IXtACjv - (5^tACivl^- 
^ t<T 


Then 

fT 

Esup iXiACAf “ (^tACATp ^ (2 + 46*1 )E / | 

t<T Jo 

+4E r \b{X,AcJ - KYsAcJWXsACr. - YsAcJds. 
Jo 
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According to hypothesis m, it follows that 


, , 9 log N , , 9 

Esup iXiACiv - ^tACivI ^ CT —— + Clog iV / Esup |X„ACiv “ ^uacJ ds. 

t<T _/q 

By the Gronwall lemma, we get 

9 lo£ N 

EsupIXiACjv -^iACivI < (2-1) 


Since 


Then, 


sup |Ai — Tf — suplXtA^AT “ ^ACivPl{T<Civ} 

t<T t<T 


sup I At - Ytl'^liTKCN} ^ sup lAtA^j^ - TtACAp o.s. 

t<r t<T 

Letting N tends to +oo in the previous inequality and thanks to fact that Cat goes 
to +00 a.s, it follows that 

sup I At - At 1^ < liminf sup lAtA^jv “ ^tAC^I^- 
t<T N^+ao t<T 


Taking the expectation we get 


Esup I At - Yt\^ < E liminf sup jAtA^jv “ 
t<T N^+ao t<T 


( 2 . 2 ) 


Using Fatou’s lemma and sending N to +oo in (|2.1I) . it follows that for any T < [i/C 


Esup I At — Ytf = 0. 
t<T 


(2.3) 


Starting again from /i/C and applying the same arguments as above, we get for any 

Te[^i/C■2^i/C[ 

Esup I At — Yt\^ = 0. 
t<T 

For /c G N, we set := kfx/C. Clearly goes to +oo as k tends +oo. We start now 
from Tfc and then in a same manner as in the first part of the proof, we show that for 
any T G [rfc,rfc+i[ 

Esup I At — = 0. 

t<T 

Since for every T G M_|_, there exists a unique fco G N such that T G we 


get: 


ko 


Esup|At-Atl^ < Ve sup \Xt-Yt\‘^ = 0. 

'k=Q is[o,r]n[Tt;,rj._|_i [ 


t<T 


Hence, for every 0 < t < T, we have Xt = Yt a.s. Thanks to the continuity of the 
samples paths, the two solutions are indistinguishable. 

□ 
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Remark 2.1. It should be noted that the conditions m does not imply the non¬ 
explosion of the SDE f|1.2D . If the solution explodes at a finite time, Theorem 12.11 ensures 
then the pathwise uniqueness up to a life-time. 

As a consequence of the pathwise uniqueness, we shall establish under additional 
conditions that the obtained unique strong solution depends continuously to the initial 
data. 

Theorem 2.2. Assume that the coefficients a and b are bounded and satisfy hypothesis 
dHIl). Let xi E be a sequence which converges to x ^ and consider Xt{xi) and 
Xt{x) the unique solutions of SDE starting from xi and x respectively. Then, for 
any T > 0, we have 

lim Esup = 0. 

1^+00 

Proof. Thanks to Theorem 12.11 the pathwise uniqueness holds. The proof follows then 
from [7] . □ 


2.2 Comparison theorem 

Here, we prove a one-dimensional comparison theorem for the solutions of the SDE (11.21) . 

Theorem 2.3. Suppose, we are given the following: 

(i) a real continuous function a defined on M such that: 


\a{x) - a{y)\ < Cy/logN\x - y\ + C—— (2.4) 

_/V^ 

for all x,y & B{N) = {z G \z\ < A^} for any integer N > e, and C, p, two positive 
reals, 

{2i) two real continuous functions bi and 62 defined on M such that: 

bi{x) < b 2 {x), for any x G M, (2.5) 

(3i) two real Xf-adapted, continuous and conservative processes xi{t,uj) and X 2 {t,uj), 
(4i) a one-dimensional Xt-Brownian motion B{t,uj) such that B{0) = 0, a.s., 

(5i) two real Xt-adapted well measurable processes ffi{t,uj) and ffi[t,oj). 

Assume that they satisfy the following condition with probability one: 


Xi{t) 



/3i{t) < 
Ht) > 


{xi{s))dB{s)+ /3i{s)ds, i = 1,2, 

Jo 

(2.6) 

Xi(0) < X2(0) 

(2.7) 

bi{xi{t)) for all t>0, 

(2.8) 

b 2 {x 2 {t)) for all t > 0. 

(2.9) 
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Then, with probability one, we have 

xi{t) < X 2 {t), for all t >0. (2.10) 

If furthermore, the pathwise uniqueness holds for at least one of the following stochas¬ 
tic differential equations: 

dXt = a{X{t))dB{t) + bi{X{t))dt, i = 1,2, (2.11) 

then, we have the same conclusion (|2.inp by weakening (|2.5p to: 

hi{x) <b 2 {x), for any X (2.12) 

Proof. For the reader’s convenience, we proceed as in Ikeda & Watanabe |20| . 

First we prove that 


P(3t > 0;a;i(s) < X 2 (s) for all s € [0,t]) = 1 
under the above assumptions except that (|2.7I) is replaced by 

Xi(0) = X2(0). 

For this, let 

T := inf{s; 62 (a; 2 ('S)) < 61(3:1(5))}. 

For iV G N* we set 

Cn ■= Cat Cn 

where 

= inf{t > 0; l3;i(t)| > and = inf{t > 0; lx 2 (t)| > A^}. 
By (12.5p and (12.141) . it is clear that P(t > 0) = 1. Let t > 0 be hxed, then 


(2.13) 


(2.14) 

(2.15) 

(2.16) 


E[x 2 (t A r) 


HAt 


a;i(t A r)] = E[ / (/32(s) -/3i(s))ds]. 


(2.17) 


For n G IN*, let (a^) be the sequence defined by: oq = 1 > oi > 02 > • • • > > 

—^ 0 and satisfies. 



For n G IN*, let {(fn) be a non-negative continuous functions such that its support is 
contained in (an,an-i) and satishes. 


C^n—1 


ipn{u)du = 1 and u^ipn{u) < 2/n. 


For every n G IN*, the function 'ifnix) 
properties. 


fo Tniz)dz has then the following 


fjn € C'^(M), ifnix) t kl when n —^ -|-oo and \'tjj'ffx)\ < 1. 
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For t > 0 we set t := t A r A Cat- Using Ito’s formula and taking the expectation, it 
follows that 


E'0, 


i{x 2 {i) - xi{i)) = E f ■i/’n(a; 2 (s) - xi(s))(/32(s) - /3i(s))ds 
Jo 

1 /"* 

+-E / '0„”(x2(s) - a:i(s))(cr(x 2 (s)) - o-(xi(s)))^ds. 

^ Jo 


(2.18) 


Since i < t, /32{u) — /Ji{u) > b 2 {x 2 {u)) — bi{xi{u)) > 0 for all u < i. 
Thanks to hypothesis (12.41) . we obtain: 




{X 2 {i) - Xi{i)) < E / V'n(^ 2 (s) - Xi(s))(/32(s) - /3l{s))d6 
Jo 


(2.19) 


TClogA^E / v9„(x2(s) - Xi(s))(x2(s) - Xi(s)) ds 

Jo 

log N 

+C E / (/?„(3:2(s) - 3:i(s))ds. 

do 

Letting n tends to +oo and using the fact that |'!/’(j(x)| < 1 and u‘^ipn{u) < 2/n, we 
have 

E|x 2 (t A Cat A r) — xi(f A Cat A t)| = lim E[^/;„(x 2 (t A Ctv A r) — a;i(t A Cat A r)] 

n^H-CO 


< E 




tACivAr 


(/32(s) - /3i(s))ds 


log N r«ACivAr 

+ C lim sup E / ¥?„(x 2 (s) - 3:i(s))ds. 

n^+oo do 

( 2 . 20 ) 

Since the processes are assumed to be conservative, then letting N tends to +oo and 
using (12.171) . it follows that: 


E|x 2 (t A t) — xi{t A t)\ < E[x 2 (t At) — xi(t A r)]. 
By the continuity of Xi(s), we have 

F{t G [0,r] ^ xi{t) < X 2 it)} = 1 


( 2 . 21 ) 


( 2 . 22 ) 


and this implies (|2.13p . 

To prove the first assertion of the theorem, we let 9 = inf{s; xi(s) > X 2 (s)} and then 
it suffices to show that 6 = oo, almost surely. 

Suppose, on the contrary, P[0 < oo] > 0 and set Q = {uj;6{u}) < oo}, Tt = 

T = J'lfi and P(A) = P(A)/P(U), A^T. 

On the space (O, T, P, Tt), we set Xi{t) = Xi{t + 9), = /3i{t + 9), i = 1, 2, and 

B{t) = B{t + 9) - B{9). 
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Then, it is clear that xi(0) = xi{9) = X2{0) = X2(0) almost surely and also, /3i(t) < 
bi{xi{t)), I32{t) > b 2 {x 2 {t)) almost surely. 

Furthermore, 


Xi{t)-Xi{0)= [ a{xi{s))dB{s) + f Pi{s)ds, i = 1,2. 

Jo Jo 

Therefore, we can apply (I2.13P and obtain 

P[3t > 0; s G [0, t] ^ xi(s) < 5i2('S)] = 1. 

But this contradicts with the definition of 9. Therefore, 9 = oo almost surely and 
hence f|2.10p is proved. 

The second assertion can be proved by similar arguments as in Ikeda & Watanabe 
|20| . To be quite explicit, assume that one of the SDEs (12.lip , say for i = 1, the pathwise 
uniqueness holds. Let X{t) be the solution of the equation 

a{X{s))dWs+ [ bi{X{s))ds (2.23) 

Jo 

and for e > 0, the respective solutions of 

X^%t) = xi{0)+ [ a{X{s))dWs+ [ [bi{X{s))±e]ds. (2.24) 

Jo Jo 

Then, by the first part of the proof, we have 

X~%t) < X{t) < X%t), for all t > 0. (2.25) 

Now, noticing that < bi{xi{t)) a.s. and bi{x) < bi{x) + e, we obtain thanks to 
the first part of the proof, xi{t) < X^{t) and then, tending e to 0, we get xi{t) < X{t). 
In a same manner, notice that /32{t) > b 2 {x 2 {t)) a.s. and h 2 {x) > 6i(a:) > bi{x) — e. 
Then, again thanks to the first part, we have X~^(t) < X 2 {t), and tending e to 0, we get 
X{t) < X 2 {t). This achieves the proof. □ 

2.3 Non-contact property 

Now, we prove the non-confluence of the solutions of the SDE (II.2p . 

Theorem 2.4. We let T > 0 given, we assume that the coefficients a and b satisfy 
hypothesis (Hi]) and we assume that the solutions of SDE (IL21) are conservative. For any 
x,y £ we denote by Xt{x) and Xt{y) the solutions of SDE (11.21) starting respectively 
from X and y. 

Then, if x ^ y we have almost surely Xt{x) ^ Xt{y) for allO <t <T. 


X{t) = xi{0)+ f 
Jo 
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Proof. For all e > 0 and any real p, we consider the function F{x) = f{x)P with f{x) 
e + \x\^ ■ 

We let T := inf{t > 0; \Xt{x) — W(y)p = 0} and for any N G N*, we set 
Cat := inf{t > 0; |Xt(3:)| > iV or \Xt{y)\ > N} 

and 

tn := mf{t > 0; \Xt{x) - Xtiyf"^ = ^}. 

Then, as N goes to +oo, we have tends to +oo a.s. and Tjsr tends to r a.s. 

Set rjt ■= Xt{x) — Xtiy). We use Ito formula to get 

PimACr,) = F{r]o) 

rtA(^N 

+ / - ^iXsAcAy)))dWs) 

Jo 

rtA(^N 

+ / (biX^^^^ix)) - b{X,^^^iy))))ds 

Jo 

I ft/^CN 

'^2 Jo Trace{T)2^(r?^ACiv)(o'(^^ACiv(®)) “ ^(^^ACiv(?/))) 

(a(X^ACiv(®)) - f^(^sACiv(y)))"^}^s 

where D^F and D^F are, respectively, the gradient and the Hessian matrix of F. 
Taking, respectively, the expectation and the absolute value, it follows that 

HFiyiACr,)] < F{m) 

+ 2|p|E / \ysA(:N\\fivsAi:N)f~^\K^sA(Nix)) - KXsAi:Niy))\ds 

Jo 

+ |p|E [ [l/feACiv)^"^+ 2|p-l||??sACivlVfeACiv)r"^] 

Jo 

lk(^^ACiv(a^)) - ^{XsAC,i,{y))\Jds. 

According to assumption m, we have 

E[i^(T/4ACiv)] < T(r/o) + 2C'|p| log IVE [ |r?^ACivl V(%ACAr)l^"^c^'S 

Jo 

+2C'|p|i^^|^E^ \f{ysAC,N)\^~^ds 

log N 1 

+C|p|^E \f{VsAC.)r^ds 

+2C\p{p - \VsA(NJ\f{ysA(NW~^ds 

+C'|p|loglVE f [|%aCaIV(%aCa)I^"^ 

Jo 

+2\p - l||%AC^l^l/(%ACA)r"^]'^s- 
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Since Ir/^ACjvP ^ /(^saCjv)> it follows that 


E[-^(??tACiv)] ^ F{t]o) + C{p) log NE f \f{r]sA(:,^)fds 

Jo 

\fiVsA(r,)f~^ds 

where C{p) is a positive constant which depends only on p. 

Since |/(%ArjvACjv)r^ ^ I^ArivACArT^ ^ i* foUows that 

]E[F(?7fArjvACiv)] ^ ^ivo) + ‘2C{p) log N f E[F{psATMA(:M)]ds- 

Jo 

Using Gronwall’s lemma, we obtain 

lE[i"(r?iAr^ACiv)] < 

that is 

E[(e + |X,a.,ac.(^) - X,^r^AcAv)?Y] <{e + \x- 

Letting e tends to 0 in the previous inequality and we get 

E[|XtAr,AC.(^) - x,^r,AC^{y)?Y < 1^ ” 

On the subset {ttv < t A Cn}, we have 

^E[r^ <tACN]<\x- y|2PAr2C(p)i. 

Taking p = — 1 in the previous inequality, we get 

E[r7v<tAC7v] < \x-y\-^N^^-f^. 

Letting N tends to +oo in the previous inequality, we obtain for t < p/C, 

P[r < t] = 0. 

Starting now from p/C and using the same arguments as above, we get 
t G [p/C; 2p/C[, 

P[r < t] = 0. 

The sequence ■= kp/C goes to +oo as k tends +oo. 

Arguing recursively on k, one can prove that for any t G \Tk,Tkj^i[ 

P[r < t] = 0. 

This shows that, for any t > 0 

P[r < t] = 0 

which implies that r = oo a.s. The theorem is proved. 


(2.26) 

(2.27) 

(2.28) 

(2.29) 

(2.30) 

(2.31) 

(2.32) 

(2.33) 
for any 

(2.34) 
□ 
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2.4 Continuous dependence 

In what follows, we prove that the solution of the SDE (|1.2p has a continuous modification 
in (t, x). 

Lemma 2.5. Assume that the eoefficients a and b are bounded and satisfy hypothesis 
(IHII) . Then, for any R,T > 0 and each p > 1, there exists a positive constant 
such that for any |x| < R, \y\ < R and any s,t £ [0,T], 

E[\Xt{x) - < Cp,R,T{\t - + |x - + |x - yr/2 + |^ _ y|5p/2) ( 2 . 35 ) 


Proof. In the following we keep the same notations and arguments as in the proof of the 
non-contact property fTheorem 12.4D . 

Set fnix) := e + |xp + ^ and F]y{x) = /Ar(x)^’. Then, by similar arguments as in 
proof of non-contact property, we have the following inequality which is similar to (|2.26p 
with F and / replaced by T/v and /^r: 


E[CAr(r/tACjv)] ^ PNim) + C{p) loglVE f \fN{TlsA(:N)fds 

Jo 

[ \fN{risACN)\^~^ds. 


Since (x) < then we have 


(2.36) 


E[Tjv(? 7 tACjv)] ^ + 2C'(p)logiV / E[FN{VsA(N)]ds- (2.37) 

Jo 

Thanks to the Gronwall’s lemma, it follows that 

nFNivtACr,)] < FN{vo)N^^^Ft (2.38) 

and that is 

IE(e + + l-^tACiv(^) “ -^tACjv(2/)P)^ < (s + + \x - (2.39) 


TN 


For T > 0, we set Yt[x) = supf< 2 ’ |X 4 (x)|. We consider a family of smooth functions 
: I—)• M satisfying 


0 < (fN < 1) Tn{x) = 1 for |x| < N, and ipN{x) = 0 for |x| > -|- 1. 


Define a]\[{x) := (p]\[{x)a{x), b]\f{x) := ipN{x)b{x). Let {X^{x)) be the solution of 
the SDE 


Xf = x 


+ [ aN{X^)dWs+ [ bN{X^)ds 
Jo Jo 


(2.40) 


Arguing as in |15| . we show that, 

+00 


(e + |W(x) - Xt{y)\y =Y.{e + |Xf (x) - Xf (y)! rh^-i<Yp.)vYPy)<N}, 


N=1 
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which implies that, 

{e + \Xt{x)-Xt{y)\y = 

+CX) 

^ (e + \X^(x) - X^{y)\ + l{Tjv>TACiv})l{Af-i<>T(3;)vyT(y)<Af}- 

N=l 

Thanks to the pathwise uniqueness, it follows that 

ie + \Xt{x)-Xt{y)\y = 

+00 

+ E + l-^tACjv(^) “ ^tA(;Niy)\‘^T^{N-l<YT(x)VYT(,y)<N} X l{r^<TACjv} 

N=1 
+ 00 

+ + l^tACivATiv(^) - XtA(:NATNiy)fT^{N-l<YT{x)VYT{y)<N} X l{rjv>TAC jv}' 

N=l 

Taking the expection in the above inequality and thanks to Cauchy-Schwartz inequal¬ 
ity, we get 


+ 00 

E[{E + \Xt{x)-Xt{y)\y] < + \XtAcA^) - XtAcAy)\yn)"^" 

Ar=l 

X (P[A^ - 1 < Yt{x) V YT{y)])^/\F[TN < T A Civ])^/" 

+ 00 

+ (E[(e + - Xt^rr^AcAyffn)"^" 

Ar=l 

X (P[iV - 1 < Yrix) V YT{y)]Y/HF[TN > T A Cn]^/^ 

Since (e-|-(x) “ -^tACjv (l/)l^) < (^ ++1-^iACiv (®) “ -’^tACA (2/)l^) and P[rAr > 
T A Cat] < 1, it follows thanks to (|2.3ip that: 

+ 0O ^ 

E[(£ + \X,(x) - Xdvtr] < X^(E[(£ + — + |Xac„(i) - Xac„(!/)|")"’’1)'A 

Af=l 

x(P[iV - 1 < Yt{x) V YT{y)]f/^\x - y|p/2^(2C'(p)T-rpM)/4 
-1-00 

+ l"^iArjvACA(®) “ -^tArjvACA(y)l^)^^])^^^ 

Af=l 

x(P[A^-i <yr(x)vyT(y)])^/^ 

For X, y G M'^, let i? > 0 be such that x, y G M{R). Since the coefficients are assumed 
to be bounded, then arguing as in Corollary 1.2 of |15) . one can show that there exists 
> 0 such that 

sup E[e'^^^r(®)] < -)-oo. 
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Before, we continue our proof, let us recall that thanks to inequality (12.291) we have 

E[(e + - ^tAr,ACA(2/)Pn < (£ + la; - (2.41) 

Now, we use Markov’s inequality, inequality (|2.39p and inequality (12.411) to get 


+ 0O .. 

E[(e + |X,(i) - XfyfY] < E (" + IvF + 1“^ - !;|2)»JV2C(»)‘ 

Ar=l 

x( sup E[e^«^T(-)])i/4e-%(^-i)=|3, _ y\v/ 2 ^( 2 Cip)T+p^.)/A 

\x\<R 

+ 00 

+ V(e + |x - y|2)Piv2C^(p)* X ( sup E[e^«^TW])V4g-^(iV-i)2_ 
v=l 


This implies that 

n{e + \Xt{x)-X,{y)\y]< 

+ CXD 

2P-\£ + \x- y\‘^)P\x - y\P^‘^i sup E[e'^«^TW])i/4 ^ 

kl<.R ]\f=i 

+ 00 

+ 2P-^\x - y\P/^{ sup E[e^«^TW])i/4 ^ ^C{p,p,T)^-^{N-i)^ 

Af=l 

+ 00 

+ 2P-\£ + \x- y\‘^)P{ sup E[e^«^rW])V4 ^ NC{t.,p,T)^-^{N-i)\ 
l^l<-R v=i 


(2.42) 


Since the series in the right-hand side of (|2.42p converges, there is a positive constant 
Cp,R,T such that: 

E[(£ + \Xt{x) - Xt{y)\y] < Cp,R,T[{e + k - yl^ + |x - y\P/^ + {e + \x- y\y\x - y\P/% 

(2.43) 

Letting £ tends to 0 in (12.431) . we get for all t S [0, T] 

E[|Xi(x) - Xt{y)\^P] < Cp^R,T{\x - y\^P + |x - y\P^^ + |x - y\^P/^). (2.44) 

In addition, since a and b are assumed to be bounded, it is enough to prove using 
Burkholder and Holder inequalities that there exists a positive constant Cp^T such that 
for any s,t € [0, T] we have 

E[|X4(x) - Xs{x)\^P] < Cp,T\t - s\P. (2.45) 

Combining (|2.44p and (|2.45p . it follows that for any s,f £ [OjT] and any |x|, |y| < R, 
there exists a constant Cp^^T such that 

E[\Xt{x) - Xsiy)\^P] < Cp,R^T{\t - s\P + |x - y\^P + |x - yf/^ + |x - y\^P/^). 

The proof is finished. □ 
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Theorem 2.6. Assume that assumption (EH) holds and the SDE is strictly con¬ 
servative. Then, the solution of SDE admits a version which is hi-continuous in 

{t, x) a.s. 

Proof. We shall split the proof into two steps. 

Step 1. We assume that the coefficients a and b are compactly supported. Then, 
thanks to Lemma 12.51 for any T > 0 and any p > 1, we have for any lx|, |y| < R and all 
t, s G [0, T], 

E[|W(x) - X,(y)|2P] < + |x - y\^P + |x - + |x - y\^P/^) 

Taking p > d-\-l and using the Kolmogorov theorem, we show that the solution Xt{x) of 
SDE (|1.2I) admits a version [denoted by Xi(a;)] which is continuous on [0, T] x {|x| < ii} 
a.s. 

In addition, since a, b are with compact support and the pathwise uniqueness holds 
for the SDE ([1.21) . it is easy to prove that if |x| < R, then |W(3;)| < R for any t G [0,T]. 
Then, if [xl > R, we have Xt{x) = x for any t G [0, T]. Thus, we can extend continuously 
{t,x) !-)• Xt{x) on [0,T] X a.s. 

For 0 < t <T and uft) G M™, let 9T{oj){t) := uj{t + T) — U){T) and 

XT+t{x,Uj) ■.= Xt{XT{x,uj),6T{uj)). 

The process XT+t{x) satisfies then the SDE (II. 2p . 

By pathwise uniqueness it follows that for every t G [0,T], XT+t{x) = XT+t{.x) 
a.s. This means that Xt{x) is a continuous version of Xt{x) on [0,2T] x W^. Reasoning 
successively in this way, we show that Xt{x) is a continuous version of Xt{x) on the 
whole space M+ x M'^. 

Step 2. The coefficients a, b are not compactly supported. We will proceed as in m 
who themselves have proceed as in Protter |31| . Precisely, for any R > 0 we consider a 
smooth function with compact support ipR : —)• R satisfying 

0 < p>R < 1, Tr{x) = 1 for [xl < R and y^R{x) = 0 for |x| > R-\- 1. 

We put (Tr{x) := ipR{x)a{x) and 6 _r(x) := (pR{x)b{x). Let {X^{x)) be the solution 
of SDE ([1.21) with a and b replaced by ctr and bR. According to the first step of this 
proof, let X^{x) be a continuous version of X^{x). For iL > 0, we set 

C§(x) := inf{t > 0; \X^{x)\ > K} and Ck = inf{t > 0; |A't(a:)| > K}. 

Since the pathwise uniqueness holds, for |x| < R, 

Xt{x) = Xf^{x) for any N > R+1 and t < C^+i, 


or 

Cij+i(a;) = Cr+i{x) for any iV > R + 1. 
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For \x\ < R, we define 

Xt{x) = X^+‘^{x) on [0,C^+2(x)[. 

Then X^x) is a version of X^x). 

Let us prove that Xt{x) is continuous in {t,x) almost everywhere. Fix xq with 
1 3 : 0 1 ^ R- By the strict conservativeness of the SDE (|1.2p . there exists R > 0 such that 
C^+i (^ 0 ) > for any small strictly positive real £. This implies that supq< 5 <^^£ |X«+2(xo)l < 
i?+l. By continuity, we can hnd a neighbourhood Bs{xo) of xq such that supq< 5 <^^£ |X^+^(x)| < 
1 or > t + e for all X € Bs{xo). Hence, almost everywhere Xs(x) = Xf~^^(x) 

for all X G Bs(xo) and s < t + £, which implies that Xs(xo) is continuous at the point 
(t,Xo)- Theorem 12.61 is proved. □ 


3 Large deviations of Preidlin-Wentzell type 

The main task of this section, is to prove a large deviations principle of Freidlin-Wentzell 
type under assumption ()H1I) . For this, dealing with Euler scheme, we establish two key 
lemmas for exponential tightness and contraction principle, and we conclude thanks to a 
result of m- First, let us prove an Euler scheme for the unique strong solution of SDE 

(HSl). 


3.1 Euler scheme 


We recall the following classical estimate for stochastic integrals which can be proved by 
exponential martingales, see for instance |36) . 


Lemma 3.1. Let e and f be respectively matrix-valued and vector-valued adapted pro¬ 
cesses. Assume that they are bounded i.e., ||ef(a;)|| < A and \ft{uj)\ < B for all {t,uj) 
and consider the following R6 process on 


= % + 


fesdW,+ f 

Jo Jo 


fsds, where rjQ G 


Then, for any T > 0 and R > '/dBT, we have 


1P( sup \r]t\'^ >R)< 

0<t<T 


The following result could be deduced thanks to |3- However, for the reader conve¬ 
nience and for our need, we will prove it here by a different method. 

Theorem 3.2. Assume that the coefficients a and b are bounded and satisfy assumption 

m- 

For n G N*, define {Xn{t))n>i by, X„(0) := x and for t G [k2 {k 1)2 "■[, 


Xr^it) := Xn{k2-^) + a{Xn{k2-^)){W{t) - W{k2-^)) + b{Xn{k2-^)){t - k2-^). 
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Then, Xn{t) converges (in the sense) to the unique solution X{t) of the SDE (|1.2I) . 
that is for any T > 0, 

lim Esup |X(t) — = 0. (3.1) 

n^+oo ^<7^ 

Proof. Set 4>n{t) ■= k2~^ for t S [k2~'^, (A: + l)2“"’[, A: > 0. Then, Xn{t) can be expressed 

by ^ ^ 

Xn{t)=x + [ a{Xn{(l)n{s)))dW{s) + [ b{Xn{(j)n{s)))ds. 

Jo Jo 

Let 1 < a < \/2 and := inf{t > 0 : \Xn{t) — X„((/)„(t))| > a“”}. 

For t G [A:2“"', {k + 1)2“"'[, we have 


(tyXniMt)) = / a{Xn{Ms+k2-n))dW{s)+ / 6(X„(0„(s+A:2-")))ds 

Jo Jo 


Xn(t)- 


where W{s) = W{k2-^ + s) - W{s). 
Using Lemma l3.1[ it follows that 


P[ sup \Xn{t) — Xn{4>n{t))\ > a, "j <2(iexp{—(a '^—VdB2 /2dA^2 "} 

\k2-^<t<(k+l)2-’^ J 

where A and B are respectively the uniform bound on a and b. 

We set c = 2/o^ and then for large n, we get 


P [ sup 

\k2-'^<t<(k+l)2-^ 


Xn{t) 


Xn{(j)n{t))\ > a 



< 2dexp{-c"/4(iA^} 


and for any integer T > 0, 


P 


sup \Xn{t) 
\0<t<T 


Xn{(t)n{t))\ > a 



< 2d2'^Texp{-c^/UA^}. 


This implies that 


P(rn < T) < 2^+^dTexp{-c^/4:dA‘^}. 


(3.2) 


Following [T9], we define for any N £W, 

Q := inf{t > 0; \X{t)\ > N oi |A„(t)| > N}. 


Clearly, for each N and n , 


Esup \X{t A Tn) - Xn{t A Tn)\^ < 3Esup |A(t A Tn) - X{t A A Q)\^ 

t<T t<T 

+3Esup|A(t Ar„ ACat) - Xnit A Tn A Cn)^ 

t<T 

+3Esup|A„(t Arn ACtv) - Xn{t ATn)\^ ■ 

t<T 


(3.3) 


17 


Since the coefficients a and b are bounded, it follows that 


lim IP[C]v > T] = 1 uniformly with respect to n. 

Af^-+oo 


(3.4) 


For a fixed 7 > 0, let A^( 7 ) G IN* be such that A^( 7 ) > and for every n G IN*, 

lP[aW>r]>(l-7). 

The first term in the right hand side of (|3.3p can be estimated as follows for N = N ( 7 ): 

cthTn 


Esup|X(t A Tn) - X{t ^Tn < 2Esup | [ 

t<T t<T JtATnA^' 


6 (X(s))ds| 


N(-y) 


rtATn 


(3.5) 


+2Esup| / a{X{s))dW{s)\‘^. 

The first term on the right hand side of (13.5p can be estimated as follows 

rtATn 


sup E sup I 
n t<T JtATn AC 


b{X{s))ds\^ < TMA 


N(~/) 


while for the second term, Doob’s inequality gives 


rtATn 

sup E sup I / 
n t<T J tATnACCff^^'i 


a{X{s))dW{s)c =Esup 

t<T Jo 


rtATn 

X[Q(^^,oo)(s)o-(^('S))rf^('S)l^ 


r 

<4EX[Q(^j,oo)('S)Trace{(Tcr^(X(s))}ds 

< ATM‘^-(. 

Whence the first term on the right of (13.3p can be bounded from above as follows: 

supEsup|X(t Arn) - X{t A Tn A < lOTM^y. (3.6) 

n t<T 

In the same way, the following holds for the third term on the right of (13.31) [with 
N = fV(7)] 

Esup|X„(f A A C]^/ 0 - X^t A Tn)\'^ < lOTM^j. (3.7) 

t<T 

We shall estimate the second term in the right hand side of (|3.3p [again with N = 
A^( 7 )]. Using Ito formula, we get 

rtATnAQ^^ 

\XitATnAQ^^))-XnitATnAQ^^))\^= / | |a(X(s)) - u(X„(,/.„(s))) 

^ 0 


rtATn 


+2 / ((X(s) - XAs)), (Axis)) - a{Xn{MsmdW{s)) 

Jo 


+2 


/ 


{{X{s) - Xnis)), {b{X{s)) - b{XAMs)mds. 
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For any i > 0, we set t = t A A 
Thanks to Burkholder’s inequality, we get 


E[sup \X{i) - X„(t)|2] < E r ||a(X(l)) - cT(X„(0„(s)))||2ds 
t<T Jo 


+2C'iE 


\a{XniMs))) - a(X(s))||2|X(s) - Xnis)\^ds 


1/2 


+2E r\b{X{s)) - b{Xr,{Mm\\Xis) - Xn{s)\ds- 
Jo 


This implies that 


1 , 


E[sup \X{t) - Xnim < -E[sup \X{t) - X4t)\^] 

t<T ^ t<T 


+ 2E r\b{X{s)) - b{Xn{Mm\\Xn{s) - X{s)\ds 
Jo 

+ (1 + 2Cf)E [ |k(X(s)) - a{Xn{Mm\\^ds. 

Jo 


Using triangular inequalities, it follows that 


E[sup \X{i) - Xn{iW] < 4(1 + 2C'^)E / ||a(X(s)) - a{Xn{m\ ds 

t<T Jo 

+ 4(1 + 2Cf)E r ||a(X„(s)) - a{Xn{ct>n{m\?ds 

Jo 

rT 


+ 4E / \b{X{s)) - b{Xn{m\X{s) - Xn{s)\ds 
Jo 

+ 4E / \b{Xn{s)) - b{Xn{Mm\\X{s) - Xn^ds- 
Jo 


Thanks to Cauchy-Schwartz’s inequality, we get 


E[sup|X(t)-X„(t)|2] <4(1 + 2 C'i2)E [ ||c7(X„(s)) - a(X(s))| 
t<T Jo 

+4(1 + 2C72)E r \\a{Xn{cl>n{m-<^iXn{m\^ds 

Jo 


+4E[ / IbiXniMm-bi^nim^ds] 


1/2 


1/2 


|X„(s)-X(s)|2ds ] 


+4E r\b{X^{s)) - 6(X(s))||X„(s) - X(s)|ds. 
Jo 
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This implies that 


E[sup \X{i) - Xnii)\‘^] < 4(1 + 2C2)E ||(t(X„(s)) - a{Xis))\\^ds 

t<T Jo 

+4(1 + 2C'i2)E r\\a{XniMm - CT{Xr^{s))\\^ds 

Jo 

+2E / \b{Xr,{Ms))) - b{Xn{s))\^ds + 2E [ \Xn{s) - X{s)\^ds 
Jo Jo 

+4E [ \b{Xn{s)) - 6(X(5))||X„(5) - X{s)\ds. 

Jo 

Thanks to assumption m, we get 

E[sup \Xii) - X4t)|2] < C'logiV( 7 )E r |X,(5) - Xis)\^ds + 
t<T Jo 

+C'logiV( 7 )E^^ \X^{Mm - Xnis)\^ds + 

+C(loglV(7))2E r \Xr^{Ms))-Xn{s)\^ds + CTi^''^^^^^^‘^ 

Jo 


+ClogiV(7)E / \Xn{s)-X{s)\^ds + 
Jo 


N{'y)f^ 

+2E [ \Xn{s) - X{s)\‘^ds 
Jo 

logiV( 7 ) 


CT- 


N^y 


In view of the dehnition of r^, it follows that 


E[sup |X(t) - X„(t)|^] < C'logiV( 7 ) / E[sup |X(u) - X„(£t)p]ds 

t<T Jo u<s 


+Cra-2”[(log iV( 7 ))" + log iV( 7 )] + CT 


logjV( 7 ) 


Using Gronwall’s lemma, we obtain 


E[sup \Xii) - Xn{i)\^] < Cr{a-2-[(logiV(7))2 + logiV( 7 )] + |jH iV(7)^^- (3.8) 

t<T 


Letting n tends to +oo in (|3.8I1 . we get: 


limsupE[sup|X(t) - Xn{i)\^] < CT ^}Jct ' 
n^+oo t<T iV(7)/^ 


(3.9) 


Using (|3.3p [with N = A^( 7 )], (13.6p . f[3.7D and f[3.9p . it follows that 

limsupE[sup|X(t At„)-X„( t Arn)|^] < dOTM'^'y + CT ^.^rr • (3.10) 

n^+oo t<T A/(7)/^ 
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(3.11) 


For T < [ijC, we tend 7 to 0 in (I3.10p to obtain 

limsupE[sup \X{t A r„) — Xn{t A = 0. 

n —>+00 t<T 


This implies that 


lim E[sup |X(t A r„) — A r^)!^] = 0. (3.12) 

n ^+00 


Starting again from fj,/C and applying the same arguments as in the first part of the 
proof, we get for any T £ [/r/C; 2/i/C'[ 


lim E[sup \X{t A r^) - Xn{t A Tn)|^] = 0. 

77.—^ + CXD t*^T 


For A; £ N, we set := kfi/C. Then, starting from and using the same arguments 
as in the first part of the proof, we obtain for any T £ 


lim E[sup|X(t Ar„)-X„(t ATn)|^] =0. 

n^ + 00 


Since for any T > 0, there exists a unique Hq such that T £ \Tk^]TkQ+i[ and 


lim E[ sup \X{t hTn) - Xn{t hTn)\^]=Q-, 
ie[0;r]n[T;,;Tfe+i[ 

it follows that for any T > 0 

lim E[sup |X(t A r„) - X„(t A rn)p] = 0. 

77^+CX) t<T 


Notice that 


Esup|X(t) -X„(t)|^ < 3Esup|X(t) -X(t At„)1^ 

t<T t<T 

+3Esup|X(t A Tn) - Xn{t ^Tn)\^ 

t<T 

+3Esup|X„(t ATn) -X„(t)|^. 

t<T 


Furthermore, we have 


Esup |X(t) — X(t A Tn)!^ < 2Esup I f 6 (X(s))(isp 

t<T t^T J t/\Tn 


+ 2 Esup| [ fT(X(s))dlF(s)p. 
t<T J t/\Tn 


Then, using Doob’s inequality, we obtain 

Esup|X(t) -X(t Ar„)|^ < lOM^TPfrn <T] 

t<T 


(3.13) 


(3.14) 


(3.15) 


(3.16) 


(3.17) 
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where M is the uniform bound on a and b. 

In a same manner, one may easily obtained the following: 

Esup \Xnit) - Xn{t A r„)|^ < 10M^rP[r„ < T], 
t<T 

In view of (13.151) . (13.171) and (|3.18p . it follows that 

Esup \X{t) - Xn{t)f < 60M^T¥[rn < T] 

t<T 

+ 3Esup|X(t A Tn) - Xn{t ^Tn)\^. 
t<T 

Using ()3.2p and (13.141) . and letting n tends to +oo in (|3.19p . we get: 

lim Esup |X(t) — = 0. 

n^+oo ^<7^ 

The proof is completed. 


(3.18) 


(3.19) 


(3.20) 

□ 


3.2 The first key lemma 

Let e > 0 and consider the following SDE: 

X^{t) = x+ f b{X^{s))ds + 
Jo 

with its associated Euler approximation 



a{X^s))dW{s) 


h{X^Mn{s)))ds + r a{X^^{cl>n{s)))dW{s) 

Jo 

where 4>n{s) is defined as in the proof of Theorem 13.21 

Lemma 3.3. Under the hypothesis of Theoremwe have for any 6 > 0, 

lim limsupelogP( sup \X^{t) — Xf{t)\ > 6) = —oo. 
n^oo 0<t<T 

Proof. We will proceed as in Deuschel and Stroock |13) . For p > 0, we define 
<£ := > 0; \Xf{t) - Xf{(j)nit))\ > p} 

and 



Clearly, 


:= > 0; \Xf{t) - X%t)\ > <5} A 

P( sup \X^t) - Xf{t)\ >S)< P«, < T) + P(?(),, 

0<t<T 


< T). 


(3.21) 


(3.22) 


(3.23) 
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It then suffices to prove that for each p > 0 


lim limsupelogP(r^£ <T) = —oo (3.24) 

n^+oo 

which implies that 

lim lim sup lim sup e log <T) = —oo. (3.25) 

P^o n->+oo £->0 


To prove (I3.24p . we replace by eA^, c"' = TP-jc?^ by 2"'p^ in the estimate (|3.2p to get 

P«£ < T) < 2’"+^(i([r] + l)exp{-2"/4e(i^2| 

from which (13.241) easily follows. 

We shall prove (I3.25p . For £ N, we set 

c/ ■■= inf{t > 0; |X^(t)| > iV or \X%t)\ > N}. 

For y £ we define a function / by 

fiv) := 0" + \V? + T)V., 

It is not difficult to show that there exists a positive constant C < +oo such that the 
gradient D^f and the Hessian matrix D^f of / satisfy: 

|0'/(!/)l < + Isl" + T)-l/2/(y) 

and 

\D^f{y)\ < + |yp + ^)"V(y)- 

Set Yn^e{t) •= ~ ^^(0- We use Ito’s formula to get 

f{Yn,e{t)) = + [\d^ f {Y^A^)), [6(X^ (<).„(s))) - 6(X^(5))])ds 

Jo 

+ [ V^{D^f{Yr,,,{s)),[a{XUUs))) - <T{XAs))]dW{s)) 

Jo 

+1 /' T,xe{Dy(Y„_,{s)MXUMsm - .t(X'(s))| 


Thanks to Burkholder’s inequality, we get for any T > 0 


Esup/(y,,,(t)) </(y„,e(0))+E / \D^f{Yn,e{s))mx^AMs)))-KXAmds 
t<T Jo 

Y I-T X 1/2 

TCiE^ e|^)V(l;^,£(s))Plk(^n(<^n(s))) -CT(X^(s))||2dsj 

+ |E^^|I)V(>;..£(^))llk(^^(<^n(^)))-^(X^(s))||^rf^. 
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This implies that 

E supf {Yn,s{t)) < f{Yn,M) 

t<T 


+ + \ynA‘)f + Yr'/^\b{XA<Pn(‘m - b{X’{s))\\f{YnA‘))\ds 


+ E 


^c, 


1 


^{p^ + |y.,,(s)|^ + —)-^\\a{XUMs))) - a{X^s))\mYn,s{sWds 
T 




It follows that 

Esup/(y„,£(t)) < /(yn,£(0)) + ^Esup/(yn,£(t)) 

t<T ^ t<T 


+ + lYnAX + Yry^\b{xUMA)) - 6(X'(S))II/(1'«..(»))I* 

+ fE+ \YnAX + -^rAAxUMA)) - <r(x»(«))|p|/{y„,,(s))|*. 


Thus 

Esup/(y„,,(t)) <2/(y„,,(0)) 
rT 
lo 


t<T 


+ |e jl (p" + \Y„A‘)? + - 6(^'(o))ll/(i'«(»))l* 

+ + lYnAX + y )-‘lk«Wn{s))) - <T(x'(«))in/{y„(s))|* 

Using ()H1D and triangular inequality, we get 
Esup/(y„,,(t aC’")) < 2/(y„,,(0)) 

l\p^ + |y„,,(s A C’^)l2 + ^)-Y^f(Yn,eis A Q")) 


t<T 


ClogN^ 


\Xt,{Us A c/)) - X^^is A C/)\ + \Yn,s{s A cr )| + 


ATM 


ds 


+ 


ClogN 


El {p^ + |y„,,(. A COP + ^r'fiYnAs A CO) 


-1 . 


iVM' 


(^\X^Ms A CO) - X^nis A COP + A CC)P + ds. 

In view of the dehnition of it follows that 


Clogy^ 


Esup/(y„,,(t A A C')) < 2/(yn,00)) + ^^y^AlE / f{Yn,e{s A A C'))^^- 
t<T £ Jo 
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This implies that 


]E[sup/(y„,,(tA<,AC’"))] < 2/(y„,,(0)) + ^^ rE[sup/(y„,,(nA<,AC’^))]hs 

t<T £ Jo u<s 

Thanks to Gronwall lemma, it follows that 

Esup/(y„,,(t A A C’^)) < 2(p2 + ±)yej^CT/e_ 


t<T 


We deduce that 


Esup [p^ + \Yn,e{t A A < Esup/(yn,£(t A A Q^)) 


t<T 


t<T 


< 




Since 


P«, < T; C/ >T)< (p2 + 52)-i/eE sup {p^ + A A C' 

t<T 


\Y‘^ 


it follows that 


< T- C/ >T)< 2{p^ + ^ 

Therefore, since 

P«, <T)< F{CY <T)+ P(?^,, < T; > T), (3.26) 

it follows that 

P(?^,£ < T) < P(C’^ < T) + 2(p2 + (52)-V£(p2^cr ^ ^3 ^7) 


Hence, 

2jyCT I ]yCT-^l 

limsupelogP(?^ j <T) < {limsupelogP(C]^’^ < T)} V {log - - 5 --}. (3.28) 

£^■0 ’ £^.0 P + Y 

Taking the supremum on n and passing the limit on p, it follows 


lim suplimsupelogP(<;'(J(, <T) < {suplimsupelogP(Cjv’ YT)} 

p—^O n >0 £^0 ’ n >0 £—>■0 |^3 2 g ^ 

V{(cr-/i) logiV-21og(5}. 

Since a and b are bounded, one can easily prove thanks to Lemma f3 .1 1 that for any T > 0, 

lim sup lim sup e log P[C](f’^ < T] = —oo. (3.30) 

Af^.+oOn>0 £^0 
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For any T < ^jC, we tend N to +oo in (|3.29p to get: 


lim suplimsupelogP(?'^£ <T) = —oo. (3.31) 

n>0 e^O 

Starting again from /r/C and using the same arguments as in the first part of the proof, 
we obtain for T S [/r/C; 2/r/C'[ 

lim suphmsupelogP(?^£ <T) = —oo. 

n>0 

For A: S N, we set := k^/C. Then, starting again from k^/C and using the same 
arguments as above, it follows that for any T G \Tk]TkJ^\\ 

lim suphmsupelogP(o^£ <T) = —oo. 

P^O n>0 e^.0 


Since for any T > 0, there exists a unique /cq such that T G TfcQ_|_i[, it follows that 


lim sup lim sup e log P(o^ g <T) < ( lim suplimsupelogP(o^g < T^) 

P^0„>0 e^.0 ’ V^^0n>0 e^O 


from which (13.251) easily follows. The proof is now finished. □ 


3.3 The second key lemma 

For X G M™, we denote by T],M™') the space of continuous functions from [0,T] 

into M™' with initial value x. For g G C'o([0, T], R™), we define 


e(5) 


/o^ if g is absolutely continuous 

+00 otherwise. 


(3.32) 


For an absolutely continuous function h G C'o([0,T],R™), we consider the following 
ordinary differential equation (ODE in short) on R'^ 

dXh{t) = (^a{Xhit))h{t) + b{Xh{t))) dt, Xh{0) = X G R-^. (3.33) 

Under assumption (EH) and the boundedness of the coefficients a and b, the existence 
and uniqueness of solution holds for the ODE (I3.33p . 

Let us consider the following Euler approximation of the ODE f|3.33p 

dXJiit) = (^aiXJi{Mt)))Ht) + biXJiiMt)))) dt, XJiiO) = X G R-". (3.34) 

Lemma 3.4. Let h G C'o([0,T],R”^) such that e{h) < +oo. Then, for any a > t), we 
have 

lim sup ( sup \Xf{t) — Xh{t)\) = 0. (3.35) 

"■^+00 {h;e(/i)<a} 0<t<T 
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Proof. For £ N, let := inf{t > 0 : \Xh{t)\ > A^or|X^(t)| > N}. Since cr 
and b are bounded, then limjv^cxD Cn^ = oo uniformly with respect to n and h. For 
t £ [fc2“”'; {k + 1)2“"[, we have 

XJiit) - Xj:ik2-^) = a{Xf{k2--)){h{t) - h{k2--)) + b{Xj:{k2-^)){t - fc2-"). 

Since a and b are bounded and \h{t) — h(k2~'^)\ < 2“”/^y^e(/i), then the following 
estimate holds 

\XJi{t) - XfiMm < + 1]> for any t > 0, (3.36) 


where M is the uniform bound on a and b. 

Furthermore, we have for any t > 0 

Xf{t) - = f[a{X'f{f>n{s))) - a{X^,{s))\h{s)ds 

Jo 

+ j\b{X'f{Us)))-h{Xh{s))]ds. 

Jo 

This implies that 

mt) -x,{t)\ < f iwixfiMs))) -a{x,{sm\h{s)\ds 
Jo 

+ [ \b{Xj:{Ms)))-b{Xh{s))\ds. 
Jo 

Using triangular inequality, it follows that 


Xf{t)-Xr,{t)\ < 

s)\ds+ [ \b{XJi{s))-b{Xh{s))\ds 
Jo 

\ds+ [ \b{Xj:{Ms)))-b{XJiis))\ds. 
Jo 

Thanks to conditions m, it follows that 


f Mxjiium - 

Jo 

+ f \\a{Xf{s)) - a{Xn{s))ms) 
Jo 




Xh{t^C/)\ 


<C^]E^ / \Xf{(fn{s))-Xf{s)\\h{s)\ds 

Jo 


+Ci/logiV^ 

, . /.n,h 




i 

ms 

) - Xhis)\\h{s)\ds 


, . /-n^h 

/■iACV 




+C log N 

1 

mMs)) 

-mm 





+ClogiV / 
Jo 


ms) 

- Xh{s)\ds 

^ logN 
+2Ct-^ 
Ni^ 

+ 2C 

log 

ATM 

f \h{s)\ds. 

lo 
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Using Cauchy-Schwartz’s inequality and the estimates p.36p . we get 
\^hit A Q") -XhitA Q’")\ < MC log 

+C'logiV I' ms A Q^) - X^is A C’'^)|(l + \h{sA Q^)\)ds 

Thanks to Gronwall lemma and Cauchy-Schwartz’ inequality, it follows that 

\xjiit Ac/) - Xh{t Ac/)\ < Ct{^) + 1) log N . 


We take the supremum on t and h then we tend n to -|-oo in the previous inequality, to 
get 


limsup sup (sup \XJ^{t A Q^) - Xh{t A Q^)\) < 

n^+00 {h-,e{h)<a} 0 <t<T “ 

where Ca is a constant which only depends on a given positive real a. 

Let us notice that 

mt) - x,(t)i < \xm - xjiit A c/)\ 

+ \Xj:{tAC/)-XhitAC/)\ 

+ mt)-Xh{tAQ^)\. 

Furthermore, we have 

mt)-X^{tAQ'‘)\<\ f ffW(^„(s)))/!(s)*| 

+ \ f b{Xj:{Ms)))ds\. 

This implies thanks to Cauchy-Schwartz’s inequality that, 

\XJi{t) - XJiit A C")| < M^J\t-tAQ’^\./^ +M\t-tA 

where M is the uniform bound on a and b. 

In the same way, we obtain 

\Xh{t) -Xh{tA Q^)\ < M^J\t-tAQ^\^/7(h) +M\t-tA Q^\. 

Thus 

mt) - Xh{t)\ < 2M^J\t-tAQ’^\V^ + 2M\t - t A 

+ \Xh{t^CT)-Xh{tAC/)\. 


(3.37) 


(3.38) 


(3.39) 


(3.40) 


(3.41) 


(3.42) 
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Taking the supremum on t and h in (|3.42p then letting n tends to +oo, and using (|3.37p 
we get 

limsup sup ( sup \Xj^{t) — Xh{t)\) < 2M sup sup ( sup \t — tAC^'^\) 

n—>+oo {/i;e(/i)<Q:} 0<t<T n>0 {h;e{h)<a} 0<t<T 

+ 2My/asup sup ( sup y \t — t A 

n>0 {h-,e{h)<a} 0<t<T ^ 

CaT log N 


+ 


jyti-CaT ■ 


(3.43) 


Note that, as N goes to +oo, tends to +oo uniformly with respect to n and h. We 
fix a 7 > 0 and consider N{'y) > Te~ a natural number such that > T. It follows 

from (j3.43p [with N = N ( 7 )] that 


limsup sup (sup \X]i{t) - Xhit)\) 

n ^+00 {h-,e{h)<a} 0<t<T 

For T < fi/Ca, tend 7 to 0 in (13.441) and we get 

limsup sup ( sup \XJ^{t) — Xh{t)\) = 0, 

n—>-+oo {/i;e(/i)<Q!} 0<t<T 
and this implies that, for any T < ^/Ca, 


lim sup ( sup \Xj^{t) — Xh{t)\) = 0. 

{h;e(/i)<a} 0<t<T 


(3.44) 


(3.45) 


(3.46) 


Starting again from fi/Ca and using the same arguments as above, we show that for 
T G [iJ,/Ca',2^/Ca{-, we have 

lim sup ( sup \XJ^{t) — Xh{t)\) = 0. 

{h-,e(h)<a} 0<t<T 

It is clear that the sequence (Tj.) ■= {k^/Ca) tends to +00 when k goes to + 00 . Hence, 
arguing as in the first part of this proof, we show that for any T G [T^; Tfc_|_i[, 

lim sup ( sup \Xj^{t) — Xh{t)\) = 0. 

”^+°o {/i;e(h)<a} 0<t<T 

Now, for any T > 0, there exists a unique positive integer ko such that T G [T^q,T fcp_|_i[ 
and we get 

fco 

liin sup ( sup \XJi{t) - Xh{t)\) = 0, 

k=0 

This implies that for any T > 0 


' {h-,e{h)<a} te[0-,T]n[n-,n+i[ 


lim sup (sup \XJi{t) - Xh{t)\) = 0. 

{h-,e(h)<a} 0<t<T 


Lemma [3.41 is proved. 


□ 


29 













3.4 The large deviations 

The following theorem is the main result of this section. It ensures that the unique strong 
solution of SDE (II. 2p satisfies a large deviations principle of Freidlin-Wentzell’s type. 

Theorem 3.5. Let a and b two bounded continuous functions on taking values 
respectively in x M™' and which satisfy the assumption m- 
Let e > 0 and consider the SDE 

X^t)=x+ [ b{X%s))ds + ^/I [ a{X^s))dW{s) (3.47) 

Jo Jo 

and denote by ji;; the law of lj i—)• X^{-,u}) on the space Ca;([0,T],M'^). 

Then, {//£, e > 0} satisfies a large deviations principle with the following rate function: 

I{u) = inf{ie(c/);Xg = u} for u G T], 

namely, 

(i) for any closed subset C C C'a;([0, T], 

lim sup e log/i£;(C') < — inf I{u), 

6^0 “SC 

(a) for any open subset O C C'3;([0, T], 

liminf elog/i£(0) > — inf I(u). 

£—^0 U^O 

Proof. Let n > 1 and dehne the map : C'o([0,T],M"*) —)■ C'3;([0,T],M'^) by 

F„(a;)(0)=x 

Fniu){t) = Fniu){k2-^/‘^) + a{Fn{u)ik2-^/^)){u{t) - u{k2-^/^)) 
+biFniu;)ik2-^/^))it-k2-^/^). 

Note that is a continuous map from C'o([0, T], M™) into Cx{[0, T], and that X^{t) = 

Fn{y/euj){t). 

By the continuity of Fn and the Schilder large deviations principle for {y/£ 0 j-,£ > 0}, 
the large deviations principle holds for X^. 

Therefore, Lemma 13.31 Lemma and Theorem 4.2.23 of |12) allows us to complete 
the proof. □ 

4 Application to our motivating example 

In this section, we will study our motivating and guiding example, 

Xt = x+ f'xs log \Xs\ds + Xs^/\log\X,\\dWs (4.1) 

Jo Jo 

where (ITf)t>o is an M-valued standard Brownian motion and x G M. 
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4.1 Pathwise unique solution 

Proposition 4.1. Let T > 0 be fixed. Then, for any given x € M, the SDE n admits 
a unique strong solution (Xt(x))o<t<r- Moreover, for any G R such that x < y we 
have almost surely Xfix) < Xfiy) for any 0 < t < T. In particular, we have : 

Xt{x) > 0 for X > 0 and Xfix) < 0 for x < 0 


and 

Xi(0) = 0, Xt{V) = 1 and Xfi — 1) = —1 almost surely. 


Proof. We set 6(x) = xlog |x| and (t(x) = x-\J\ log |x||. Since the coefficients a and b are 
continuous, then according to a well-known result of Skorohod |35| the SDE (14.ip has a 
weak solution up to a lifetime C. Now, since the coefficients a and b satisfy the following 
growth conditions 


|cr(x)|^ < C{\x\^\og |x| 4-1) 


(4.2) 


|6(x)| < Cdxl log |x| -|- 1) 


for \x\> K with some large constant K, a criterion of non-explosion in Fang and Zhang 
|16| yields that the SDE (|4.1I) does not explode in a finite time ((^ = oo a.s.). 

To get the pathwise uniqueness it is ennough to prove that a and b satisfy conditions 
m- For this, it is suffices by some computations as in |6] to see that for any integer 
N > e, we have 

|o-(x) - a{y)\ < C (^y/\ogN\x - y\ + 

(4.3) 

|6 (x)-6 (y)| <c(logiV|x- 2 /| + M) 

for any |x|, \y\ < N. 

Indeed, to verify (14.3p for the function b, it suffices thanks to triangular inequalities 
to treat separately the two cases : 0 < |x|, \y\ < ^ and < |x|, \y\ < N. In the first 
case, since the function |6| is increasing on [0; 1/e], then for any integer N > e, 


|6{i) - %)| < |6(x)| + |%)| < 2 !^ 


while in the second case by the finite increments theorem applied to 6, we have 

|6(x) - b{y)\ <{1 + logiV)|x - y\. 

Hence, for any integer N > e, we get for any x, y G B{N) = {z G R; \z\ < A^} 


\b{x)-b{y)\ < 2logN\x 

In order to verify (14.3p for the function a, we have to consider separately the following 
four cases: 0 < jxj, jyj < < |x|, |y| < 1 — a^, 1 — o-n < |a^|) |l/| < 1 + fiN and 
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1 + < |ic|; \y\ ^ N 1 where and /^at are small positive reals such that ail/N) = 

cr(l — otv) = < 7(1 + I^n) and |o''(l — aAr)| ~ |cj'( 1/A^)|. For the first and third cases, we 
have for any integer N > e 

\a{x) - a{y)\ < \a{x)\ + \a{y)\ < 2^^^^ 

since the function a is increasing on [0; l/y^, decreasing on [l/y^; 1] and increasing on 
[l;+oo[. For the second and the fourth cases, it follows thanks to the finite increments 
theorem that for any integer N > e we have 

\cr{x) — cr{y)\ < \a'{1/N)\\x — y\ < cy^log N\x — y\ for some positive constant c. 

Hence, for any x,y € B(N) 

\a{x) - a{y)\ < C^/logN\x - y\ + 

Now, according to Theorem 12.II and thanks to the theorem of Yamada and Watanabe 
m, a unique strong solution holds for the SDE (14.111 . 

The other assertions are direct consequences of Theorem 12.11 Theorem 12.31 and The¬ 
orem El 

The Proposition is proved. □ 

4.2 Dependence on the initial value 

In this subsection, we mainly prove that the unique strong solution of SDE (14.ip produces 
a stochastic flow of homeomorphisms from M into itself. 

Proposition 4.2. Let x G M and consider a sequence {xi)i>q of real numbers which 
converges to x. Denote by Xt{xi) and Xt{x) the unique solutions of SDE (14.ip starting 
respectively from xi and x. Then, for any e > 0 fixed, we have 

lim P(sup \Xt{xi) — Xt{x)\ > e) = 0. 

l^+co t<T 

Proof. We set b{x) := xlog |x| and a{x) := x^\ log |x||. For i? > 1, we set Cj? := mf{t > 
0; \Xt{x)\ > R 01 \Xt{xi)\ > R}. We consider a smooth function with compact support 
(pn : M —)• M satisfying 

0 < p’R < 1, Tr{x) = 1 for \x\ < R and Tr{x) = 0 for \x\ > R + 1. 

Put (Tr{x) := lpr{x)(t{x) and 6 _r(x) := ipR{x)b{x). Let X^{x) be the solution of the 
SDE 

X^ = x+ [ aR{X^)dWs + [ bR{X^)ds. 

Jo Jo 
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Notice that gr and hn are bounded and satisfy the conditions (14.211 and (|4.3p . Hence, 
by pathwise uniqueness we have {x) = X^{x) a.s. for any 0 < t < T. 

Since 

P(sup \Xt{xi) - Xt{x)\ > s) < P(sup \Xt{xi) - Xt{x)\ > s;Cr< T) 

t<T t<T 

+ P(sup \Xt{xi) - Xt{x)\ >e;C'R>T). 
t<T 


Then it is not difficult to see that 

P(sup \Xt{xi) - Xt{x)\ >e)< P(Cij < T) + P( sup \Xt{xi) - Xt{x)\ > e). 

t<T 

Thanks to Markov inequality, it follows that 

P(sup|Xt(xz) -Xt(x)| >e)< P(Cij <T) + ^Esup\X^^^i (xi) - X^^^i {x)\‘^. 

t<T £ t<T ^ ^ 

That is 

F{snp\Xt{xi)-Xt{x)\>s)<F{C’R<T) + \Esnp\Xl^{xi)-Xl^{x)\^. (4.4) 

t<T £ t<T 

In addition, since a and b satisfy assumption (14.211 and thanks to Remark 7.5 in HZ], it 

follows that 

P(sup|Xt(x)| >R)< C'Te’^(^')(logR)-^/2 

t<T 


and 

P(sup|Xt(xz)| >R)< Cre^(^')(logR)-^/2 

t<T 

where ■0 is a continuous function defined on 1R+ by '^(u) := fj ^ ■ 

Tending I to +oo in (14.4D then using Theorem 12.21 and the continuity of the function 'll;, 
it follows that 


lim P(sup|Xt(x;) — Xt{x)\ > e) < 2CTe^^^^\logR) 

1^+00 t<T 


Letting R tends to +oo in the above inequality, we get 


lim P(sup \Xt{xi) — Xt{x)\ > s) = 0. 

1^+00 t<T 


□ 

Remark 4.1. Since the coefficients of SDE dun satisfy conditions dOH, then using 
Theorem 4.1 of m we get 


lim \Xt{x)\ 

|a:|^+oo 


+00 in probability. 
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Now, we give the main result of this subsection. 

Proposition 4.3. The solution of SDE o produces a stochastic flow of homeomor- 
phisms on M. 

Proof. According to I2.6[ the unique strong solution Xflx) of the SDE (|4.1I) admits a 
version which is bi-continuous in the two variables (t, x) a.s. Thanks to Theorem 12.41 
the map x i—)• Xt{x,co) is strictly increasing on M for almost all uj. It follows that 
hm| 3 ,|^_l_oo |Xi(x)l = +00 for almost all oj. Indeed, otherwise the map x i—>• Xflx^oj) 
would be bounded on M and this contradicts the fact that hm| 3 ,|^_|_oo |Xt(x)| = +oo in 
probability. 

Finally, arguing as in Yamada &: Ogura uni, it comes that the map x e->• Xflx^uj) is 
a continuous, one-to-one and onto. This completes the proof. □ 

4.3 Large deviations 

We shall prove that the solution of SDE (|4.1I) satisfies a large deviations principle of 
Freidlin-Wentzell’s type. 

Proposition 4.4. For any e > 0, we consider the following one-dimensional SDE 

Xt = x+ f XI log \XI\ds PyTe f XI^\\og\Xl\\dW{s) (4.5) 

Jo Jo 

where {Wt)t>o is an ^.-valued Brownian motion and x G M. Denote by /ig the law of 
ui e-)■ X^{-,co) on the space Ca;([0,T],M). Then, {/i£,e > 0} satisfies a large deviations 
principle with the following good rate function: 

I{f) = inf{^e(c/); Ag = /} for f G C,j,([0, T], M); namely 

(i) for any closed subset C C C'a;([0, T],M), 

hmsupelog^£(C') < — inf /(/), 

£^•0 /ec 

(a) for any open subset O C (73;([0, T],M), 

liminfelog/r£( 0 ) > — inf 1(f). 
e-i-O f£0 

Proof. We proceed as in m for unbounded coefficients. 

First, we set cr{x) := Xy/\ log |x|| and b{x) := xlog|x|. Since a and b satisfy the 
growth conditions (14.2p . it follows by using Proposition 7.4 of m that 

lim limsupelogP( sup \XI\ > R) = —oo. (4.6) 

R-^+oo £^.0 0<t<T 

For any i? > 0, we put itir := sup{| 6 (x)|, |( t ( x )|; \x\ < R}, 6 _ r ( x ) := {—mu — 1) V b{x) A 
(m/j-|-1) and aR{x) := (—rriR— 1) Vct(x) A (mR-|-1). Then, for |xl < i?, bji{x) = b{x) and 
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<Jr{x) = a{x). Moreover 6/j and gr satisfy assumption ()Hip and the growth conditions 

621 ). 

Let X^r{-) be the solution to the following SDE 

bR{X^R{s))ds+ f aR{X%{s))dW{s). (4.7) 

Jo 

For a function h with e{h) < +oo, let X^{-) be the solution to the following ODE 

bR{X’^{s))ds + [ aR{X’^{s))h{s)ds. (4.8) 

40 

For / e C'2;([0,T],M), we define 

IrU) = inf{^e( 5 );X^ = /} and /(/) = iTd{]^e{g)\Xh = /} 

where X^ is the solution of the following ODE 

dXh{t) = (a{Xh{t))h{t) + b{Xh{t))) dt, X^O) = X e M. (4.9) 

If supQ<f< 2 ’ \ Xh(t)\ < R, then X^ solves the ODE (|4.8I1 up to time T. By the uniqueness of 
solutions, we see that Xh{t) = X^{t) for each 0 < t < T. Therefore for / S C'a;([0, T],M) 
satisfying supo<t<r |/(t)| < R, we get /(/) = /ij(/). 

Furthermore, since a and b satisfy the growth conditions (14.21) . then using Lemma 
7.6 of [I7|, we have 




for any a > 0, sup sup \Xh{t)\ < +oo. 

{h-,eih)<a} 0<t<T 

Besides, we recall that the rate function J is a good rate function, i.e. for any /3 > 0, 
the level Qjs = {/;/(/) < f3} is compact. 

Let gf' be the law of Xp^{-) on C'a;([0, T], M). Then, thanks to Theorem 13.51 e > 0} 
satisfies a large deviations principle with the rate function Ir{-). 

For R> 0 and a closet subset C C C'a;([0, T], M), we set 


CR:=Cn{f-, sup |/(t)| <7?}. 

0<t<T 


Then, 


fieiC) < g,{CR)+F{ sup |Xf| > R). 

0<t<T 


Since and coincide on the ball {/;supQ<^<ji l/(^)l ^ if follows that 


fieiC) < fi^{CR)+F{ sup \Xf\ > R). 

0<t<T 


By large deviations principle for > 0}, we have 


limsupelog/rf(C'ij) < - inf {//?(/)} < - inf {/(/)}. 

e^O /SO /SO 
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Hence 


limsupelog/X£(C') < (— inf {/(/)}) V (limsupelogP( sup |Xf| > R)). 
e^o /sC £^.0 0<t<T 


Using ()4.6I) and letting R —)• +oo, we obtain 


limsupelog/i£(C) < - inf/(/), 

e^O 


which is the upper bound. 

Let G be an open subset of Ca;([0, T],M). Fix cpQ € G and choose h > 0 such that 

= {/; sup \f{t) - (j)o{t)\ < 6} CG. 

0<t<T 


Let R = supo<t<'r |0o(^)| + S. Since 


B{(j)o,6) C {f- sup |/(t)|<ii}, 
0<t<T 


then 

-I{(t>o) = -IniM < liminfelog^f(H((/>o,h)), 

£—>■0 

that is 

-I{4>o) < lim inf e log fie{B{(1)0, S)). 

e^O 


Hence, 


-I{4>o) < liminf elog/i£(G). 
£^0 


Since (po is arbitrary, it follows that 

— inf /(/) < liminf elog/iglG), 
feG e-^O 

which is the lower bound. The proof is finished. 


□ 


4.4 Other examples 

As a by-product of our guiding example, we give below other examples of SDEs which 
satisfy our pathwise conditions. We also prove that our conditions for the pathwise 
uniqueness improve those of [I6l|26]. 

Proposition 4.5. Let 0</3<|<a<l. Then, the following one-dimensional SDE 

Xt = x+ f\Xsniog\Xs\\^<^ds+ f \Xsniog\Xs\fdWs (4.10) 

Jo Jo 

where (Wi)t>o is an M-valued standard Brownian motion and x G R, possesses a path- 
wise unique solution which has produces a stochastic flow of homeomorphisms on R and 
satisfies a large deviation principle of Freidlin-Wentzell type. 


36 


Proof. It suffices to prove as in the proof of Proposition 14.11 that the coefficients of the 
SDE f|4.10p satisfy the following 


\a{x) - a{y)\ < C (^y/logN\x - y\ + 

< 

| 6 (x) - 6(y)| < C (VI^Ix - y| + 
for any |a:|, |y| < N and the following growth conditions 

( |o'(a:)l^ < (7(1x1^ log |a:| + 1 ) 

i |^(x)l < (7(1x1 log |xl + 1 ) 
for \x\ > K and some large constant K. 


(4.11) 


(4.12) 


□ 


We prove now that our conditions for the pathwise uniqueness improve those of Fang 
and Zhang |16| and also Liang |27| . 

Proposition 4.6. Let cr : —>■ x and 6 : —)■ be respectively matrix valued 

and vector-valued continuous functions such that 


||o-(x) - 0 -(?/)|| < (7|x - y|^log|^ 
, | 6 (x)- 6 (?/)| < (7|x-y|log^ 


(4.13) 


for any \x — y\ < 1 . 

Then, a and b satisfy the hypothesis dHID, ^.e. our conditions for the pathwise unique¬ 
ness improve those of Fang and Zhang m- 


Proof. Let x,y € M{N) = {z £ \z\ < N} with \x — y\ < \ for any integer N > e. 

Then, since 0<|x — ?/|<l<A^, it follows thanks to (|4.13p that 


a(x) - a{y)\\ < C\f{\x - y\) - /(0)| 
| 6 (x) - b{y)\ < C\g{\x - y\) - ^(0)1 


(4.14) 


where for 0 < u < 1, f{u) = Uy^^^log^ and g(u) = —ulogu. Now, thanks to (14.3p the 
following holds 

||cj(x) - a{y)\\ < C (^y/hgN\x - y\ + 

< (4.15) 

\b{x) - b{y)\ < C (^logiV|x - y\ + 

for any |x|, \y\ < N such that \x — y\ < 1. The proof is finished. □ 
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Remark 4.2. The coefficients cr(x} = x-^log |a:| and b(x} = xlog|x| of SDE (|4.1I) are 
not covered by the papers |161 fT7| . 

Proof. We give only the proof for b. The proof for a goes similarly. Assume that a: log |x| 
satisfies the conditions of m for instance. Then, there exist C > 0, cq g] 0, 1] and a 
positive function r such that for every x, y satisfying \x — y\ < cq , 

|xlog |a:| — ylog |j/|| < C\x — y\r{\x — yp). (4-16) 

We take cq = 1 for simplicity. Let a: > 1 be large enough and y = x + 1. From inequality 
(14.161) . we have 

Kx + 1) log \x + 1\ — xlog |x|| < C'r(l) 

Hence, according to the finite increments theorem, there exists 0 £ [x, x+1] such that 

|1 + 9\og6\ < C'r(l) 

Since x <0 and the function log is increasing, we deduce that 

1 + xlogx < C'r(l) 

Since x is arbitrary, the previous inequality is not possible. 

Remark 4.3. Arguing as in the previous proposition, we prove 
the pathwise uniqueness improves also those of m- 

Acknowledgement. The authors thank the referee for the remarks which have led to 
the improvement of the paper. 


(4.17) 

□ 

that our conditions for 
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